Long-range forces up to next-to-leading order are computed in the framework of the Einstein-Maxwell-dilaton system by means of a semiclassical approach to gravity.
I. INTRODUCTION
In Newtonian dynamics, the interaction between two charged massive particles with masses and charges of M, m and Q, q, respectively, is described by the Newton and Coulomb potentials that depend only on the distance between the two particles, r, V (r) = −G Mm r + 1 4π
where G denotes the Newton constant. If Qq = 4πGMm, the long-range forces cancel each other out. The static exact general-relativistic solution for the equilibrium of two or more charged masses was obtained by Majumdar and Papapetrou [1] . The Majumdar-Papapetrou solution is given as
2)
and the electric potential
Here r = (x, y, z) and the i-th charged particle is located at r i . The charge of each particle can be read as Q i = √ 4πGM i . The nonlinearity in general relativity means that the possible higher-order interactions other than that given by Eq. (1.1), are canceled if the critical masscharge relation is fulfilled.
Most recent modified gravity theories contain scalar fields as elementary or effective degrees of freedom for mediating an additional force to the Einsteinian/Newtonian gravitational force. Thus, the incorporation of scalar forces in the interaction of many-body systems is of considerable interest in various contexts of particle physics and theoretical astrophysics.
In classical theory, the possible cancellation of three long-range forces has been proposed and discussed. The static exact solution with a dilaton field was obtained by one of the present authors [2] . The Lagrangian for the fields that mediate long-range forces is, in this case, 5) where R denotes the scalar curvature derived from the metric g µν and F µν ≡ ∂ µ A ν − ∂ ν A µ as usual. The dilaton field is denoted by φ, and a denotes the dilaton coupling constant.
For simplicity, we set 4πG = 1. The metric for the solution is written by
with
and 8) while the electrostatic potential and the dilaton field are given by
The solution is valid for the case with the balance condition (M i :
a), where Σ denotes the dilatonic charge.
In the present paper, we calculate the next-to-leading potential in the Einstein-Maxwelldilaton system using the Feynman diagram technique. We verify the cancellation of longrange forces in the Einstein-Maxwell-dilaton system under the balance condition,
We use the method of perturbative quantum field theory to obtain the effective potential for the two-body problem of charged sources [3] . The advantage of the method is that we can extend the analysis of interactions to the one including quantum effects in a straightforward manner in future. 2 The method can also be extended in another direction, that is, the n-body problem can be investigated by the perturbative method [6] . Another advantage of the perturbative method is that we can extract and investigate a necessary contribution only, snd this can lead to illuminative discussions regarding the complex nature of such interacting many-body systems.
This paper is organised as follows. In Sec. II, we introduce the Lagrangian for a charged scalar field as a source of long-range forces. In Sec. III, we introduce the perturbative tools for a dilaton field. We use several Feynman diagrams to obtain the resulting potential when three force-mediating fields exist. 2 The loop correction to the potential of electrically charged masses was evaluated by many authors [4, 5] .
Sec. IV, Sec. V and Sec. VI are devoted to the applications of the potential obtained in Sec. III. In Sec. IV, we show the precession of the orbit of a charged dilatonic body.
The correspondence between the exact solution and the perturbative result is examined in Sec. V. In Sec. VI, we consider the case where the static forces cancel each other; it is observed that the known description of charged bodies with low velocities is reproduced.
We summarize our results in the last section and we provide an overview of our study.
II. SOURCE AND FORCE FIELDS
We begin with the Lagrangian (1.5) for force-mediating fields. In order to evaluate the potential of long-range forces from Feynman diagrams, we use a complex scalar field ϕ as a source field, or in other words, as a probe. The Lagrangian of the complex Klein-Gordon field is [7] 
where To treat the interactions perturbatively, we decompose the metric g µν into the flat background field η µν and the graviton field h µν as
where η µν = diag.(1, −1, −1, −1). The coefficient is chosen as κ = √ 32πG, as used popularly in many studies. According to our convention in this paper, i.e., 4πG = 1, we obtain κ = √ 8;
nevertheless we continue to use κ as long as it does not cause confusion.
In this decomposition, the inverse of the metric becomes
and the square-root of the determinant of the metric is written as
where h µν ≡ η µα h αβ η βν and h ≡ η µν h µν .
Using these expansions, we obtain the Einstein-Hilbert action as follows:
where we use the de Donder gauge,
∂ ν h. This expression involves a kinetic term as well as terms for an infinite number of interactions among gravitons.
The Lagrangian for the Maxwell theory coupled with gravitons becomes
where we choose the Lorenz gauge, ∂ µ A µ = 0.
In addition, we obtain the coupling between the massive scalar boson and the dilaton as follows:
where L 0 denotes the Lagrangian in the flat spacetime, and it is given as follows:
III. INTERACTION MEDIATED BY DILATON FIELD
Next, we consider a dilaton field. The dilaton propagator (shown in Fig. 1 ) is
We employ a dilatonic charge ρ Σ = Σ δ (3) (x) as a classical source. This source creates an external field φ ext (k), shown in Fig. 2 , which is given as follows:
The relation Σ = aM is confirmed classically in the model described by the same Lagrangian in Sec. II [7] .
We evaluate the semiclassical amplitudes including the dilatonic sources as well as the dilaton propagators. The dilaton-scalar-scalar vertex (Fig. 3) is given by the expression
Since the amplitude of one mediating dilaton, which is shown in Fig. 4 , is found to be 
d .
iM
(1)
The lowest-order potential of the dilatonic force can be read from the amplitude as
Next, we obtain the vertices contained in the second-order diagrams as the following:
• The dilaton-dilaton-graviton vertex (Fig. 5 )
• The graviton-dilaton-scalar-scalar vertex (Fig. 6 )
• The photon-photon-dilaton vertex (Fig. 7 )
• The photon-dilaton-scalar-scalar vertex (Fig. 8 )
• The dilaton-dilaton-scalar-scalar vertex ( Fig. 9 )
Next, we show the amplitudes with diagrams:
• The amplitude for two dilatonic external fields, iM (2α) (Fig. 10) , is given by the • The amplitude for one dilatonic external field and one gravitational external field, iM (2β) (Fig. 11) , is given by the expression below.
• The amplitude for one dilatonic external field and one gravitational external field, iM (2γ) (Fig. 12) , is given by the expression
• The amplitude for one dilatonic external field, one gravitational external field and an internal scalar, iM (2δ) (Fig. 13) , is given by the expression below.
. • The amplitude for two electric external fields creating a dilaton external field, iM (2ǫ) (Fig. 14) , is given as the expression below.
• The amplitude for one dilatonic external field and one electric external field, iM (2ζ) (Fig. 15) , is given as below. • The amplitude for one dilatonic external field and one electric external field, iM (2η) (Fig. 16) , is given as
• The amplitude for one dilatonic external field, one electric external field and an internal scalar, iM (2θ) (Fig. 17) , is given as the expression 
• The amplitude for two dilatonic external fields, iM (2ι) (Fig. 18) , is given as the ex-
• The amplitude for two dilatonic exernal fields and an internal scalar, iM (2κ) (Fig. 19) , is given as 
as the sum of these amplitudes. Consequently, the second-order potential from the diagrams shown above is
where the sum is calculated over (A,
Here, the firstorder graviton-mediated amplitude is given by [3] iM (1) where p = (E, p) and p ′ = (E ′ , p ′ ), and the photon-mediated amplitude at the lowest order
The second-order potential can be computed for p = 0, and it is found to be
It is noteworthy that 4πG = 1 in this expression.
Finally, we obtain the potential up to O(1/r 2 ) for gravitational, electrical, and dilatonic forces. By combining the above result with the potential obtained in [3] , and accounting for the interchanging symmetry, we obtain the static potential of the two particles labeled 1 and 2, that is
It is obvious that if q 1 = √ 1 + a 2 m 1 and q 2 = √ 1 + a 2 m 2 , the potential is completely cancelled for any distance. This balance condition is realized in the exact solution in Ref. [2] .
IV. PERIHELION PRECESSION
Thus far, we have derived the next-to-leading classical interactions in the EinsteinMaxwell system with a dilaton field. It is of theoretical interest to study the perihelion precession if there is a binary of charged dilatonic black holes. The two-body problem of electric charges in general relativity was considered by Barker and O'Connell [10] . We attempt to apply our result to their formulae for the perihelion precession.
Our previous result leads to the effective Lagrangian for two particles with masses m i and charges e i (i = 1, 2) (we use c = 1) as below
where
(the total mass), µ ≡ m 1 m 2 /M (the reduced mass) and
3)
4)
It is noteworthy that the coordinate transformation according to Barker and O'Connell [11, 12] 
has been carried out.
The magnitude of precession is given by [10, 11] , using the above parameters, as follows:
whereā denotes the semimajor axis, ε denotes the eccentricity of the orbit, andω denotes the average orbital angular velocity.
It is interesting to see that only k 2 depends on the dilaton parameter a if the parameter of the leading force, G ′ , is fixed. Therefore, we find that if other conditions are unchanged and only the value of a increases from zero, the precession is reduced.
V. SECOND-ORDER EXTERNAL FIELDS
In this section, we examine the correspondence of the expansion of the exact solution and the external fields obtained perturbatively when the balance condition Q = √ 1 + a 2 M is satisfied. We propose that there is one charged source at the origin, and the exact solution as given by Eqs. (1.6) and (1.9) is expressed using
The expansions of the metric components of Eq. (1.6) become
This can be rewritten as 5) by looking at the amplitudes where the scalar probe couples to one graviton [3] . In other words, these amplitudes are interpreted as the interaction of the perturbed external field and the energy-momentum tensor of the charged dilatonic scalar field [3] .
Similarly, the expansion of the electric potential becomes 6) and this expression can be rewritten as
This is due to the amplitudes for which the electric charge of the scalar probe appears.
Finally, the expansion of the dilaton field becomes 8) and this expression can be rewritten as
Eq. (5.9) is deduced by the amplitudes for which the dilaton coupling to the scalar field is considered.
These considerations are mere confirmations of the exact solution in the second order.
However the investigation of this method will be important if we study the perturbative approach from the exact solution, i.e. the solution with the charge-mass relation which slightly deviates from the exact balance condition.
VI. O(p 2 ) HAMILTONIAN AND LAGRANGIAN
Thus far, we have omitted the momentum-dependent contribution to the potential in the next-to-leading order. When the leading-order static potential is cancelled or provides a very small contribution, i.e. Q ≈ √ 1 + a 2 M, the O(p 2 /r 2 ) potential cannot be ignored.
The momentum-dependent amplitudes have been shown previously. We do not show the derivation of the potential again; we directly write the result here. The Hamiltonian of the probe with mass m and electric charge q in the system with the fixed mass M at the origin with the charge Q, which is the problem considered in the present paper, is given by
The terms of the order (1/r) 3 and higher and the order p 4 and higher are neglected.
Subsequently, we obtain the effective Lagrangian for the probe from this Hamiltonian as follows:
where v = p/m and O(1/r 3 ) is dropped consistently.
In the special case with Q = √ 1 + a 2 M and q = √ 1 + a 2 m, or in other words, when the static balance condition is satisfied, 4 we obtain L = mv The above result agrees with the classical result up to this order [13] .
The investigation of the system of particles with nearly balanced mass-charge relations by the perturbative method is of considerable interest.
5

VII. SUMMARY AND OVERVIEW
We evaluated the two-body potential of long-range forces coupled with the dilaton field from the perturbative method associated with the Feynman diagrams. Subsequently, we verified the correspondences with the known static exact solutions. Up to the order O(1/r 2 ), we showed the cancellation of the static potential under the balance condition,
In future, we wish to examine the higher-order contributions involved in the cancellation of classical forces. Further, we wish to study modified theories such as the higher-derivative theories which include dimensionful constants; the investigation of the cancellation of the classical forces are particularly interesting in this case. Further we want to examine the higher-dimensional cases, sources with various spins and other extentions of the perturbative approach.
The calculation of two-body forces on some classical curved backgrounds may describe many-body problems. The perturbative approach will be useful in studying such problems.
The perturbative approach is most suitable in accounting for loop corrections, as in
Ref. [4, 5] . The low-velocity interactions of two or more 'particles' are known to be described in terms of the moduli space associated with them if the static forces are cancelled.
